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Abstract 


^  :  if  ^  ■  t> ■-  %  /  •> 


0  f\  ^ 


*  i  ft  i-  A  Cvt  >  7  /  t  ->  » 


11  ^  V. 

Let  m  s  jjnlogn+ijnloglogn+cnn .  Let  r  denote  the  set  of  graphs  with 
vertices  {1,2,...,n},  m  edges  and  minimum  degree  1.  We  show  that  if  a 
random  graph  G  is  chosen  uniformly  from  r  then 


lim  Pr(G  has  a  perfect 
n**  matching)  = 


^  T  "<  ‘ 


if  cn  ==>  sufficiently  slowly 


78  if  cn  ==>  c 


if  Cn  is)  +“ 


We-  also  showrythat  if  a  random  graph  G  with  vertices  {l,2,...,n}  is 
constructed  by  randomly  adding  edges  one  at  a  time  then,  almost  surely,  as 
soon  as  G  has  degree  k,  G  has  Jk/2j  disjoint  hamiltonian  cycles  plus  a 
disjoint  perfect  matching  if  k  is  odd,  where  k  is  a  fixed  positive  integer. 
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Let  GQ  a  denote  a  random  graph  with  vertices  {l,2,...n}  and  m  edges  where 

((P) 

each  of  the  \  m  J  possible  graphs  is  equally  likely  to  be  chosen. 

Erdos  and  Renyi  [5]  showed  that  if  m^nlogn+c^n  then 


(1.1)  lim  Pr(u(G  )  «  jn/2j) 


-9 


0 

-2  c 


if  c„  •»>  -• 
n, 


if  c  **>  c 
n 


1 


if  cQ  **>  +• 


where  u(G)  denotes  the  maximum  cardinality  of  a  matching  in  a  graph  G. 

The  probabilities  in  (1.1)  are  the  limiting  probabilities  for 
6(G  )>1  where  d(G)  denotes  the  minimum  vertex  degree  of  a  graph  G.  Thus 

Qylu  • 

Erdos  and  Renyi  proved  (1.1)  by  showing 


(1.2)  lim  Pr(w(G^b  -  J n/2 { )  -  1. 

n.m 

n+m 


.(1) 


Where  G^  ^  denotes  a  random  graph  chosen  uniforaly  from  the  set  of  graphs 


with  vertices  (l,2,  ...,n},  m  edges  and  miniaun  degree  1. 

The  first  result  of  this  paper  is  to  tighten  (1.2)  and  prove 


Theorem  1 . 1 


Let  m  *  ^nlogn+jnlbglogn+cnn,  then 


if  cn  ■•>  -•.sufficiently  slowly 


lim  Pr(u(G^)  -  jn/2]) 
n*«  * 


-•~*C/S  if  c  — >  c 

w  ** 


if  C  " >  ♦• 
n 


1 


There  is  at  present,  an  unfortunate  restriction  |cnl*o(loglogn)  for 
“>  We  cannot  at  present  relax  this  because  of  the  difficulty  of 

dealing  with  the  conditioning  of  $(GQ>a)  21  1*  Note  that  some  restriction 
must  be  placed  on  the  growth  rate  of  |cnl  when  cn  “>  -•  as 

Pr(u(Gn!)rn/2l)  *  ^l)  *  1 

Our  second  result  is  a  generalization  of  one  stated  by  Koml6s  and 
SzemerAdi  [13].  To  state  this  we  need  to  define  the  following:  a  graph 
process  Gn  ■  (Gq1  G^  Gffl,  ...)  is  a  Markov  process  in  which  Ga  is  a 

graph  with  vertices  V&  *  [l,  2,  . n}  and  edges  E^  where  |Bm|  ■  m.  Gm 

(2) 

is  obtained  from  Gm_1  by  choosing  eeV^  -Em_1  uniformly  at  random  and 
putting  E  ■  E  ^VJje}.  Note  that  G^  above  is  distributed  exactly  as  Gn>a* 

•m 

For  a  graph  property  II  (usually  monotone)  and  graph  process  Gn  let 
T(r,n)  -  min(m  :  G^cll). 

In  particular  let 

*  'The  minimum  degree  of  G  is  at  least  k' 

and 

m* 

•  '  G  has  Lk/2j  disjoint  hamiltonian  cycles  plus  a  disjoint 

matching  if  k  is  odd  • ' 

Our  second  result  is 

Theorem  1 .2  If  k  is  a  fixed  positive  integer  then 

mm 

lim  Pr(T(r,nk)  -  ttlMIjj))  -  1. 

n-**» 

i 

Komi 6s  and  SzemerAdi  stated  this  result  for  k  ■  2.  Note  that  Theorem 
1.2  is  moat  clearly  stated  as:  if  we  randomly  add  edges  one  by  one  then 
when  the  graph  constructed  has  minimum  degree  k  then  it  a.s.  has  lk/2j 
disjoint  hamiltonian  cycles  plus  a  disjoint  matching  if  k  is  odd. 


For  other  reaults  on  matchings  and  hamiltonian  cycles  in  random 
graphs  see  BOllobas  [2],  Bollobas,  Fenner  and  Frieze  [4],  Fenner  and 
Frieze  [7]  [8],  Frieze  [lO]  [l  1  ]  [12],  Richmond,  Robinson  and  Womald 
[14],  Richmond  and  Wormald  [l  5 ]  *  Robinson  and  Vormald  [16],  Shamir  [l7], 
and  Shamir  and  Upfal  [l8]  [l 9 ] • 

Notation 

For  a  graph  G  we  let  V(G)  denote  its  set  of  vertices  and  E(G)  denote  its 
set  of  edges. 

For  veV(G),  d^Cv)  is  the  degree  of  v,  and  for  S  Cv(G),  Nq(S)  *  {v^S: 
there  exists  weS  such  that  {v,w}e  E(G)}. 

For  non-negative  x,  V^( G)  •  {veV(G);dG(v)>x} .  For  S  C  V(G),  g[s]  * 
(S.Eg)  where  Eg  -  {eeE(G):e  C  S|. 

Let  *  D^(G)  be  the  set  of  vertices  of  degree  1  in  G  and  let  b(G)  » 

g[v2(g)-ng(d1  )]. ; 

For  eeE(G)  we  let  G-e  *  (V(G),  E(G)  -  {e})  and  for  ei  E(G)  we  let  G+e 
-  (V(G),  E(G)  {e}). 

For  0  <  p  <  1 ,  G_  denotes  a  random  graph  with  vertices  {l,2,...,n} 
—  —  n,p 

in  which  each  of  the  (“)  possible  edges  is  chosen  with  probability  p  and 
not  chosen  with  probability  1-p. 


Throughout  this  section  to  =  nlogn/4  ♦  nloglogrt/2  +  cRn  where  for  the 
moment  we  assume  |c„|  The  proof  of  Theorem  1.1.  is  obtained  by  a 

sequence  of  lemmas. 

Lemma  2.1 

Let  G  =  G  ,  URGE  =  Vlogn/10Q(G)  and  SMALL  =  V  (G  )-LARGE. 

Consider  the  following  conditions: 

(2.1a)  No  cycle  of  length  3  contains  2  small  vertices; 

(2.1b)  No  path  of  length  2  contains  3  small  vertices; 

(2.1c)  S  S'V(G),  4  <  IS  |  <  7,  IS  A  SMALL  |  >  3  implies  G[S]  is  not 

connected; 

(2.  Id)  ISMALLl  <  n*55i 

(2. 1e)  *  i  S  £LAR(Z,  \S\  <  n/logn  implies  |NQ(S)|  >  (logn/1  000)  IS  |; 

(2.  If)  No  vertex  has  degree  exceeding  51ogn. 

Then  for  n  large 

(2.2)  Pr(G„  _  fails  to  satisfy  (2.1))  <  n“*  35 

n  ,m  — 

Proof  (Outline) 

To  estimate  the  probabilities  for  (2.1a),  (2.1b),  (2.1c),  (2.  If )  vie 
simply  compute  the  expected  number  of  triangles  containing  2  small 
vertices  etc..  This  is  tedious  but  straightforward. 

To  deal  wiith  (2.1d),  (2. 1e)  we  let  p  *  (logn/2  +  loglogn  +  2cR)/n  and 
consider  the  random  graph  G^p. 

As  |C (Gn ^ I  is  a  binomial  random  variable  with  paraneters  (^)  and  p 
it  is  easy  to  verify  that 

(2.3)  Pr(IE(G.  »)|  «  m)  >  1/2(nlogn)1/2  for  n  large. 


(2.4)  G  conditional  on  |£(G„  )  I  =  m  is  distributed  exactly  as 

n ,p  n  ,p 

G 

n  ,m 

Thus  for  any  property  H 

(2.5)  Pr (G  has  n)  <  2(nlogn)1 /2Pr(G  has  n) 

n  9m  —  n ,  p 

We  show  next  that 


(2.6)  Pr (G  „  violates  ( 2. 1  d ) )  =  0 (n*en  )  for  sane  e  >  0 
n  ,p 


(2.7)  Pr (G  violates  (2.1e))  =  0(n  °) . 
n  fp 

Lemma  2.1  is  completed  using  (.2.5),  (2.6)  and  (2.7). 


Proof  of  (2.6) 

55 

Pr (G  violates  (2.  Id))  <  Pr(there  exists  S,  s  s  |S  |  =  [n  1  and  each 

n  ,p  — 

v  e  S  is  adjacent  to  fewer  than  logn/100  vertices  in  V(G)-S) 

<  (”)  (”-3)pk(1-P)'*-S-k)S  *  0(r-'s). 

ksO  k 


Proof  of  (2.7) 

We  first  consider  the  case  1  <  IS  1  <  n/(logn)^  and  note  that  if  (2. 1e) 
fails  then,  where  s  =  |S|,  G[S\JNQ(S)]  has  at  most  (logn/1000  +  1)s 

vertices  and  at  least  (logn/200)s  edges.  The  probability  of  this 
happening  is,  for  large  n,  no  more  than 


n/(logn)‘ 


(<  2  A  k  <2}* 

i  p  o-p) 


=  0(n'26) 


For  s  >  n/(logn)J  we  need  not  restrict  S  Q  LARGE  and  then  the  probability 
that  (2. 1e)  fails  is  no  more  than 


n/logn 

ssn/(logn): 


(logn/1000)s 


I 


<r> 


(i 


-  (i-P)s)k  d-p)a(n-s-k) 


k=0 


,  0(n-‘"/(l0gn)3). 

□ 

Let^Qa^0(n)  denote  the  set  of  graphs  with  vertices  {1,2,  ...n}  and  m 
edges.  Let  ^(n)  denote  the  set  of  graphs  in  SQ  that  satisfy  (2.1). 
We  prove  the  following  lemma  on  the  neighborhoods  of  sets  of  vertices: 
Lemma  2.2 

Let  G  e  5 1  and  X C  E  (G )  be  a  matching  of  G  that  does  not  meet  any  small 
vertex.  Let  Hs*((V(G),  E(G)-X)).  Then  for  n  large  we  have 

(2.8)  QT  4  SCV(H),  IS  |  <  n/8000  implies  |NH (S )|>  IS  | . 

Proof 

Let  T  s  N q (D i )  and  let  S1  =  S  0 SMALL  and  S2  =  S-S^  We  note  first  that 
(2.1)  implies  that  no  large  vertex  is  adjacent  to  3  small  vertices  and  no 
large  vertex  is  adjacent  to  3  members  of  T.  Hence 

(2.9)  1^(3)!  >  iNn  (Sn )  1  -  |S2I  +  |Ng(S2)|  -  3  ISg  |  -  min(  |S1 1 ,2  |S2 1 ) 
where  the  factor  3  in  (2.9)  aocouits  also  for  the  deletion  of  X. 

We  must  now  prove  that 

(2.10)  |NH(S1)|  >  18,1. 

Note  next  that  (2.1b)  implies  H[S  1  ]  consists  of  isolated  vertices  and 

edges.  So  let  (u,v)  be  any  edge  of  HCS^].  Then  (2.1c)  implies 

(2.11a)  neither  u  nor  v  have  a  neighbor  in  common  with  any  other  vertex 


(2.11b)  neither  u  nor  v  have  a  neighbor  in  T. 

Also  (2.1a)  implies  that; 

(2.11c)  u  and  v  have  no  common  neighbor. 

Now  consider  the  components  of  the  graph  induced  by  the  isolated 
vertices  I  of  HCS^  and  their  neighbors  in  G.  Let  C  be  the  set  of 
vertices  of  such  a  component. 

(2. 1 1d)  ICrvIl  *  1  implies,  by  (2.1c),  that  |C  r>T |  <1. 

To  deal  with  the  case  |C  P\  1 1  >2  we  note  that  if  u,v  e  I  then  by  (2.1c) 

(2.  lie)  |Ng({u})  ATI  <  1 

(2.  Ilf)  Nq({u})  nNG(lv})  4  QT  implies  Nq((u}  )  AT=(7. 

Using  (2.11)  plus  the  fact  that  S1CV2(G)  yields  (2.10).  We  now  use 
this  in  (2.9). 

Case  1:  |S1  I  >  2  |S2I  . 

From  (2.9)  and  (2.10)  and  (2. Id)  and  (2. 1e)  we  obtain 
IN^S)  |  >  |S1  l-  |S2 1  +  ((logn/1 000)  -  5)IS2I 
=  IS  |  +  ((logn/1 000)  -  7)1S2I. 

Case  2;  IS1 1  <  2  |S2  |  <  2n/logn 

From  (2.1),  (2.9)  and  (2.10)  we  have 
| Njj (S )  |  >  IS^  -  |S2|  ♦  ((logn/1 000)  -  3 )  |S2 1  -  |S1 1 
S  IS  1  +  ((logn/1 000)  -  5)|S2I  -  IS^). 

Case  3:  IS1 1  <  2|S2I,  n/logn  <  |S2I  <  n/8000 

Choose  S^CS^  such  that  IS^I  *  n/logn,  then  |NH(S2)|  >  |HH (S ^ ) I IS 2 1 
>  7n/8000  using  (2. 1e) . 

Then  fhom  (2.10)  and  (2. 11)  we  obtain 

IN^S)  l  >  IS^  -  |S21  ♦  7 n/8000  -  3  1S2 1  -  IS^  | 

>  IS |  ♦  (7n/8000-7lS2l). 

We  deduce  from  these  3  cases  that  the  conclusion  of  the  Lemma  holds. 


Next  letfl-^be  the  set  of  graphs  which  contain  2  vertices  of  degree  1, 
with  a  common  neighbor.  Clearly  no  graph  belonging  to'Jl  has  a  perfect  or 
near  perfect  matching.  Our  aim  is  to  show  that  the  main  obstruction  to  a 
graph  of  minimum  degree  at  least  one  having  a  perfect  or  near  perfect 
matching  is  that  the  graph  belongs  to$. 


Lemma  2.3 

Suppose  G  e  S2  s  (G  e  5,09  :  u(G)  <  |,l (G)  1 /2j }  and  we  remove  a  set  of 

edges  X  as  in  the  statement  of  Lemma  2.2  to  obtain  a  graph  G^ .  let  be 

the  set  of  maximum  cardinality  matchings  of  G^  which  cover  every  vertex  of 
degree  1.  let  Z  be  the  set  of  vertices  which  are  left  uncovered  by  at 
least  one  member  M  of  i-e.  not  incident  with  any  edge  of  M.  For  v  e  Z 
let  Z(v)  be  the  set  of  vertices  w  for  which  there  exists  M  e  m.  such  that 
both  v  and  w  are  uncovered  by  M.  Then 
(2.12a)  if  w  e  Z  (v)  then  w  is  not  adjacent  to  v. 

(2.12b)  JZl  >  n/8000  and  |Z(v)J  >  n/8000  for  v  e  Z. 

Proof 

If  (2.12a)  is  false,  then  we  have  the  contradiction  that  {v,w}  can  be 
added  to  any  M  e  Ttl  leaving  v  and  w  uncovered. 

To  prove  (2.12b)  we  note  that  Z(v)CZ  and  so  it  suffices  to  prove 

|Z(v)l  >  n/8000  for  v  c  Z.  Note  first  that  H  z  *(Gj)  satisfies  6(H)  1 

and  that  as  G  ^  we  have  |V(H)J  -  2y(H)  z  IV^G^I  ^(G,)  >  2. 

Let  v  c  Z  and  M  e  Tfl  leave  v  uncovered  and  let  Sit  be  the  other 

vertices  left  uncovered  by  M.  If  M»  z  M  E(H)  then  {v}  U  SCV(H)  and  M* 

is  a  maximum  cardinality  matching  of  H.  Let  S1  be  the  set  of  vertices 

reachable  from  S  by  an  even  length  alternating  path  with  respect  to  M' , 
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s  Ssi  here.  Then  Z(v)  CS1  (s  actually)  and  we  prove  the  lemma  by 
showing 

(2.13)  |NH(Spi  <  IS,! 
and  applying  Lemma  2.2. 

If  x  e  then  x  t  S  and  so  there  exists  y^  such  that  {x.y^  c 

M* .  We  show  y1  e  S.J  which  will  prove  (2.13).  Now  there  exists  y2  e  S1 
such  that  {x,y2}  t  E(H) .  Let  P  be  an  even  length  alternating  path  from 
some  s  e  S  terminating  at  y^.  If  P  contains  {x^}  we  can  truncate  it  to 
terminate  with  {x,y.j},  otherwise  we  can  extend  it  using  edges  {y2*x}  and 

tx.y,). 

G 

We  can  now  prove  that,  excluding  isolated  vertices,  if  G.  I  "ft  then 

n  pin 

it  a.s.  has  a  perfect  or  near  perfect  matching.  We  use  a  colouring 
argunent  introduced  by  Fenner  and  Frieze  t73. 

Lemma  2.4 
For  n  large 

(2.14)  Pr(»(OniB)  <  UV1(Gn>m)l/24  !  Gnin  ifl)  <  n"35 
Proof 

Let  a=64x106  and  u=falognl  .  We  show  that  for  n  large 

(2.15)  I  Q  21  /l  Q0I  <  2(1-a’V 

which  in  conjunction  with  Lemma  2.1  proves  (2.12). 

For  each  G  e  5  n  consider  the  (m)  ways  of  coloring  w  edges  green  and 
m-<u  edges  blue.  For  a  given  coloring  we  let  denote  the  subgraph 
spanned  by  all  vertices  of  G  and  the  blue  edges  only.  Let  &  denote  the 
number  of  blue-green  colorings  which  satisfy 
(2.16a)  vU?)  «  u(G)  <  IIV^OI/SJ 
(2.16b)  (2.12b)  holds  for  H  *  *(Gb). 


where  e(n)  s  0((lcgn)2/n)  and  that 
(2. 17b)  A  <  j  gjtJXI-a"1)" 
which  will  imply  (2.15). 

Proof  of  (2.17a) 

If  G  e  ^2*  M  be  a  fixed  maxiam  cardinality  matching  of  G.  Now  there 
are  (1  -  e(n))“(^)  ways  of  choosing  u  green  edges  X  such  that  (i)XfiM=0, 
(ii)  X  does  not  meet  any  small  vertices  and  (iii)  X  is  itself  a  matching 
(this  is  the  only  place  that  we  need  (2.  If)).  For  such  colorings  (2.16) 
must  hold,  which  proves  (2.17a). 

Proof  of  (2.17b) 

Consider  a  fixed  blue  subgraph  &  and  count  the  nuaber  of  ways  g*0(Gb)  of 
adding  u  green  edges  so  that  (2.16)  holds.  If  (2.16b)  does  not  hold  then 
Bs0.  If  (2.16b)  holds  then  in  order  for  (2.16a)  to  hold  we  must  avoid 
adding  an  edge  lv,w}  where  w  e  Z(v)  as  in  Lamoa  2.3.  But  there  are  at  most 

_1  M  (n)-m«*i 

(1-a  )  (  2  m  )  ways  of  doing  this  and  (2.17b)  follows. 

□ 

To  study  the  behavior  of  G(1)  we  use  the  following: 

n  ,a 

Lemma  2.5 

Let  H  be  the  graph  obtained  fhom  Gn^  by  deleting  isolated  vertices 
and  re-labelling  the  remaining  vertices  <  ...  <  as  1,  2,  ....  h 

respectively,  then  for  a  fixed  value  of  h,  H  is  distributed  as  G^  . 

Proof 


Each  such  H  is  obtained  from  the  same  nuaber  of  G^ 


The  following  Lemma  will  enable  us  to  pass,  via 

results  concerning  G[V1(G  )]  to  results  concerning  G^1* 

*  n  tin  n»n 

Lemma  2.6 

Let  t  *  fe-2c  n^/lognl,  then  for  large  n 


Lemma 


2. 5, 


from 


(2.18)  Pr(lvi(Gn+ttm>l  *  n)  -  n”’25 


Proof 

Let  p  =  (logn/2  +  loglogn  ♦  2cn)/n.  We  show  first  that  for  n  large 
(2.19)  n1  a  Pr(  IV^G  )  I  =  n)  >  (logn)1/3  n“*25. 

Mow  H1  =  (n*fc)Pr(A)Pr(B|A)  where 

A  a  'vertices  n+1,  ....  n+t  are  all  isolated,' 

and 

B  a  'vertices  1,  2,  ....  n  are  all  non- isolated.' 

For  n  large 

Pr(A)  a  (1-p)(2)+tn  >  (t/n)t(1-o(1)) 


and 


Pr(BiA)  a  Pr( «(G  )  >  1)  >  Pr(cL  (1)  >  1) 

n>»  -  -  X,p  - 


n 


The  latter  inequality  is  a  consequence  of 

Pr(dG  (k+1 )  >  1i  dQ  (i)  >  1,  ial,  2,  ...,  k)  >  Pr(dG  (k+1)  >  1) 
n  ,p  “  n  ,p  “  n  ,p 


which  follows  from  the  FKG  inequality  C91 


Pf(BIA)  >  (l-d-p)""1  )n  >  (1-t/n)n  (1-o(1  )). 

Thus,  g1  >  (“J*)  (t/n)t(1-t/n)n  (1-o(1))  and  (2.19)  follows  on  using 
Stirlings  inaqualitias. 

Although  (2.19)  does  not  giva  (2.18)  directly  it  does  show 

(2.20)  there  exists  m^f  >  2n1/2logn  such  that 

Pr(  |V. (G  .  )|  *  n)  >  (lcgn)1/4n“1/4. 

1  • 

This  is  because  Pr(||E(G„  ..  — )  I— m I  >  2n1/^lagn)  <  1/n,  which  follows  from 

n+t ,p  « 

the  Chernoff  bound. 

To  obtain  (2.18)  from  (2.20)  we  define 

S(m')  *  {G:V (G)  s  {1,2,..., net),  IV^G)!  a  n  and  |E(G)|  =  m'},  where  we 

1/2 

assume  throughout  that  Im'-ml  <  2n  logn. 

For  0*5(0')  let  a(G)  =  |{e«E(G):  G-e  *  gca'-l))!. 

We  note 

(2.21)  m'  >  a(G )  >  m'-JD^G)! . 

Also 

(2.22)  ^  a(G)  =  ((£)-o»+1)  I  5  <o'-1)| 

G«  5<m'> 

as  both  sides  of  (2.22)  count  the  nunber  of  pairs  (G,e)  where  G*  (j(m'-l), 
erfE  (G)  and  G+e  e  £  (o'  )• 

Now  (2.21)  implies 

(2.23)  m'l5(m')|  >  2 _ _  a(G)  >  (m'-n^m*  >)  I  ^(o' >  I 

G*  ) 

where  n1  (m* )  is  the  expected  mater  of  vertices  of  degree  1  in  a  random 
graph  chosen  uniformly  from  )• 
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Next  let 


V  *  • 


■  (3 


It  follows  from  (2.22)  and  (2.23)  that 

(2. 24 )  PB, /m»  <  Hn, /HB, <  PB, /( m* -n, (m‘ ) ) 
where 

pm,  s  m'd^-mUn/U^-in'+l). 

lii  order  to  apply  (2.24)  to  "close  the  gap"  between  m  and  m1  in 
(2.20)  we  must  estimate  n  (m*  )• 

1-2e 

We  show  first  that  if  a(e)  =  (e  /2)(1+o(1))  then,  where  p  s 
(logn/2  loglogn  +  2c'n)/n,  e ^  ♦  c, 

1/2  an1  /2 

(2.25)  Pr(  •V^+t.p51  -  8n  >  i 

The  above  probability  is  no  more  than  the  probability  that  there 
exists  s  s  r8a(c)n1/2l  vertices,  each  of  which  is  adjacent  to  at  most  one 
of  the  other  n-s  vertices. 

This  latter  probability  is 


<  (JXO-p)""8  +  (n-s)  pd-p)""3-1)8  <  (B/a(c))"en 


which  implies  (2.25). 


We  next  prove  the  very  crude  lower  bound 


(2.26)  Pr(  lv1(Gn4.t^»)1  8  n>  >  •  for  n  lar««* 


in 


To  do  this,  we  proceed  as  in  the  proof  of  (2.19)»  using  Gn+t>m» 

place  of  G  .  ,  and  define  events  A  and  B.  Now  Pr(A)  >  (t/n)  *(1-0(1))  as 

n+t  ,p 

before  bub  we  cannot  use  the  FH3  inequality  to  bound  Pr(BiA)  which  is 

Pr(j(G,  >  D- 
n  ,nr  » 

Instead,  let  now  p  =  logn/2n  and  then 

(2.27)  Pr(6  (G  >  >  1)  <  Pr(3  (G  )  >  1)  +  Pr(|E(G  )|  >  m» ) . 
n  tp  —  —  n  fD'  •  n  tP 

We  then  use  the  FKE  inequality  as  before  to  get  a  lower  bound 

n1/Z 

Pr(«(G  )  >  1)  >  (1-o(1))  e"  for  n  large, 

n  ,p  —  — 

The  Chernoff  bound  gives 

Pr(  |E  (G  )l  >  m')  <  e"B<loglogn>  2/4lG8n 
n,p 

for  n  large.  Using  theSe  inequalities  in  (2.27)  gives 

1/2 

Pr(a(G  ,)  >  1)  >  e  /4  for  n  large, 
n  ,m  —  — 

This  is  easily  good  enough  to  prove  (2.26).  Now  (2.5),  (2.25)  and 
(2.26)  together  imply 


(2.27) 


"V<W,Un> 

I/O  1/2  a  1/2 

<  2(nlogn)1/Zen  (8/e(o))“Bn 
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Putting  B  =  max(2,o(c)e)  in  (2.27)  we  easily  obtain 

(2.28)  n^n' )  <  2Bn1/2  for  n  large. 

Using  (2.28)  in  (2.24)  we  see  that  for  large  n 

(2.29)  IV/ffm»-1  “  H  <  ®/n1/2 logn 
where  e  depends  only  on  c. 

(2.20)  and  (2.29)  together  imply  the  Lemma.  P 

For  the  remainder  of  this  section  t  is  as  in  Lemma  2.6  Now  let 

*  *  '“«W  * 


Z  *  'Gn.t,m  *$’• 

Now  Lemma  2.5  implies 

Pr(u(Gnlra)  s  ln/2J)  *  Pr(XiY). 


Now 


Pr(XiY)  s  Pr(X  f\Z|Y)  ♦  Pr(XOZ|Y) 


*  (Pr(XOYOZ)  +  Pr(Yps2)  -  Pr(S  r>Yf\2)/Pr(Y) 


However,  it  follows  from  Lemma  2.4  (with  n+t  in  place  of  n)  and  Lemma  2.6 
that 


Pr<*  AY  A?)/Pt(Y)  <  Pr(£  Af)/Pr(Y>  <  n-*  ' . 


Similarly 


PKXAYf\Z)/Pr(Y)  <  Pr((2. 1b)/Pr(Y)  <  n“ 


and  ao  we  have 


(2.30)  lim  Pr(u(G;,  ')  s  U/2J ) 
n— 


TV*"0* 


Lemma  2.7 


“!  'VW(  •  ">  *  »-• 


Proof 


Note  that  although  it  ia  very  eaay  to  prove  that 


lim  Pr  (G  .  elR)  = 

IHt  fD 

Yl+m 


the  conditional  reault  seeoa  to  require  more  work.  We  shall  in  fact  first 


prove  the  equivalent  result  for  the  random 


MG  .  defined 
n+t  ,m 


as  follows:  Let  X  *  {1,2, ...n+t)  and  let  x  c  X  be  chosen  at  random  so 

2m 

that  each  of  the  (n+t)  vectors  is  equally  likely  to  be  chosen.  Let  MG(x) 
be  the  oultigraph  with  edges  C *2i— 1  •  x2i*  for  is1»2,  ...,m.  We  use 
to  denote  a  random  MG(x)  chosen  as  above.  Furthermore,  the  random  graph 
M'n+tfOi  is  obtained  by  taking  MG^^,  deleting  loops  and  replacing 
multiple  edges  by  single  copies. 
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We  note  first  that 


•1  /2 

Exp  (number  of  isolated  loops  in  MG  . .  )  »  o(n  '  ) 

n+tjin 


and  hence 


(2.31)  Pr(|T1(KSnn  a)|  i  lv,  (8Gn,  )  -  0(.f,/2). 


(2.32a)  Pr(MG  .  .  has  more  than  2  logn  loops)  *  0(n“1//2). 
n+t,m 

(the  number  of  loops  in  MG  ..  is  a  binomial  random  variable 

n+t,m 

with  parameters  m  and  2/(n-l)). 


2  « i  /p 

(2.32b)  Pr(MG_.  _  has  more  than  (logn)  edge  repetitions)  •  0(n  '  ) 


(the  number  of  edge  repetitions  in  MGn+^  nis  dominated 

probabilisticall?  by  a  binomial  random  variable  with  para¬ 
meters  m  and  m/^1)). 
and  so 


(2.33)  Pr(|E(RGn+t>n)|  <  m-2(logn)2)  »0(n“1/2). 


•  *.  *,  ■.  •%_%  ••  \  s  *«  ■-  •.  V*.  v  O  O  «  *  c’  •  •  »  •  .  *  .  •  o  .  •' 


We  note  that 


(2.31*)  if  m*  s  |E(RG_  )|  then,  for  fixed  m* ,  RG  .  _  is  distributed 

n«  fin  n«  flu 


as  G. 


n+t^o*  * 


We  now  estimate 


*  ">  ■£pr<«,(011*(.,>l  -  ">  Pr(IE<RW>'"',) 


by  (2.34) 


>  1/2n 


for  n  large,  by  (2.33)  and  Lemma  2.6. 


It  follows  from  (2. 3D  that 


(2.35)  Pr (  |V ^ (MGn+ 1  )  I  a  n)  >  1/3n 


for  large  n. 


Now  it  is  easy  to  show  that  R*( there  exists  vertex  adjacent  to  3 

vertices  of  degree  1  in  MG  )  s  0(n”1/^). 

n+c  ,m 

Thus  if  we  define  =  "there  exists  a  vertex  with  precisely  2 

neighbors  of  degree  1"  then 

(2.36)  111  Pr(MO  !  IV,(M<^t->|  •  n)  . 

n*» 

li.  PrCHC^^'l  l*,(HOn+tiiii)l  ,  n). 

We  now  write 

(2.37)  IV(HOD,ti.«TR/|  IV,(HOwtiB)l  »  n) 


3 


J-  ^MGn+tta*^'M^n4't,ne  ^’S' 

dCQ 


where 

Q  =  {deZn+ti  0  <  dt<  d^  ...  <  d^ , 
n+t 

£  d  .=  2m  and  |{i:di  >  1}|  =  n}  , 
i= 1 

and  T*\g  (d)  is  the  set  of  multigraphs  with  vertices  { 1 , 2, . . .  ,n+t} ,  m  edges 
and  degree  sequence  d. 

Let  now 

(2.38)  0o  s  Idea:  ( a) |  |{i Jd^l } I  -e^V 72 /2 1  <  e^n5712, 

(b)  |(i:  ld^-2m/n|  >  2m/nloglogn}|  <  2n/loglogn, 

(c)  d^  <  51ogn) 


We  show  that 


(2.39a) 


lim 


1  Pr(M0n»t  Pr(MGn.t.B''IriS<S)) 


dCQ 


dcQ 


vis 


■iM-yj-ss 
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(2.39b) 


“■  ■  ’-■*  78  for  i«v 


We  can  then  deduce,  using  (2.36)  and  (2.37),  that 


(2.«0)  11.  1 1*1  <MGn.tJ.)|sn)  ■  /8‘ 

n-*« 

Proof  of  (2.39a) 

In  view  of  (2.35)  we  need  oily  show  that  the  probability  that 

-1  /4 

fails  to  satisfy  any  of  the  conditions  in  (2.38)  is  o(n  ). 

(i)  (2.38c) 

Here  we  simply  verify  that  the  expected  nunber  of  vertices  of  degree 
-  25 

exceeding  5  logn  is  o(n  *  ). 

(ii)  (2.38a) 

Here  we  simply  verify  that  if  D1  is  the  set  of  vertices  of  degree  1 

in  MG  .  then 
n+t  »m 

Ex  p(  ID  1 1 )  *  VarCID^)  "  n1/2e"*e/2 

and  then  use  the  Chebycheff  inequality. 

(iii)  (2.38b) 

Let  c  *  1/loglogn  and  a  =  f2(1+*)n ✓nl.  Now  one  can  easily  see,  by 

conditioning  on  vertex  degrees,  that  for  1  <  It  <  n/loglogn  and  G  *  MG^ 
PKdQ0e«.1)  >  a!  dQ(i)  >  a,  1  <  i  <  k) 


<  Pr(d_(k+1 )  >  a!  dr(i)  «  a,  1  <  i  <  k) 


=  ^(2»-ka)n/(n+Uk))r(T_1/(n+ul£))2m.ka-r<  #-(2m-ka>  «/3(n*t-k) 
r>a  r 

<  e“e2l°8n/13  for  n  large. 

Thus  Pr(there  exist  more  than  Ssn/loglogn  vertices  of  degree 
exceeding  a) 

<  c":6)  .  0(n-t,  for  >ny  t  >  0. 

A  similar  argument  deals  with  vertices  of  degree  less  than  2(1-e)m/n. 

Proof  of  (2.39b) 

To  prove  (2.39b)  we  need  to  be  able  to  generate  a  random  GeTffi^  (d) 
with  probability 

(note  that  this  is  not  the  same  for  all  Gc$\(^(d)). 

Ve  modify  the  method  of  BollobAs  [1].  Thus,  let  dcQQ  be  fixed  and  let 
W.j,  W2,  ...,  Wn+t  be  disjoint  sets  with  1  Wi  1  s  di  for  i«1 ,2, .. . ,n+t.  Let 
ru-t 

and  let  the  members  of  W  be  denoted  as  points.  A  configuration 

isl 

F  is  a  partition  of  W  into  m  pairs  of  points  called  the  edges  of  F.  Let  e 
be  the  set  of  possible  configurations  and  note  that  |el  =  N(m)  = 
(2m!)/m!2m.  For  pcW^  let  ^(p)  =  i,  for  i  =  1,2,...,n+t  and  for  Fee  let 
e(F)  be  the  multigraph  ({1,2,...  ,n+t} ,  { U(p)  ,^(q)}  :{p  ,q) cF}) .  Note  that 

♦(c)  sBg  (d). 

We  turn  5  into  a  probability  space  by  giving  each  Fee  the  3800 
probability.  This  induces  the  required  probability  space  on  ♦(e)*  (Think 


of  generating  MGn+t  n  conditional  on  MGn+t  0  (_d)  by  taking  d^^  copies 

of  integer  i  for  i  *  1,  2, . . .  ,n+t  and  then  randomly  permuting  these  2m 
integers  and  picking  up  edges  from  this  sequence  as  usual.  Note  that  this 
is  essentially  how  ♦(F)  is  generated  -  the  k'th  copy  of  integer  i 
corresponds  to  the  k'th  element  of  ) . 

To  prove  (2.39b)  we  define  a  random  variable 
X(i,J,k)  =  1  if,  i  <  j,  dG(i)  =  dG(j)  =  1  and  {i,k},  {j,k}  eE(G)  and  no 
other  vertex  of  degree  1  is  adjacent  to  k  in  G  where  G  = 
♦(F). 

*  0  otherwise. 

We  shall  use  inclusion-exclusion  to  show  that 

V-— ■  /a 

(2.41)  lim  Pr(2 _  X  (i,j,k)  >0)  =  1-e  e 

n*«  i ,  j  ,k 


which  proves  (2.39b). 

Let  N3  =  {1,  2,  ...,  n+t}3  and  for  S  N3  let  ng  =  Pr(X(i,j,k)  =  1  for 
(i,j,k)  eS).  The  definition  of  X(i,j,k)  implies 

(2.42)  ns  =  0  unless  S  is  of  the  form  { (i.,,  J.,  ,k ., ) ,  ...,  ( it , jk,kt)  J 
where  i^,  ...,  it,  J1#  ...,  ,  k^  ...,  kfc  are  all  different. 


Let  p.  =  c -  n„. 

1  ssn3  3 

IS  |  =  t 


(2.41)  will  follow  from  the  Bonferroni  Inequalities  (e.g.  Feller  [63)  if 
we  show  that  fo r  fixed  r 

(2.43)  lim  p  *  (e“4c/8)r/r! 

_  r 


Let  s  s  |{i:d.  *  1 } I ,  D_  *  {  i:d.  >  2}  then,  in  view  of  (2.42)  we  have 


p  - - Si - (  T~  n  d.(d.-l))  N(m-2r)/N(m) 

r  (s-2r)!2r  RCDgieR  1  1 

iRl  -  r 

Using  dcOQ  and  r  fixed  gives  (2.43)  without  difficulty,  and  so  (2.40)  is 
proved. 


Now  simple  estimations,  using  expectations,  show 


Pr  (there  exists  v  such  that  d. 


MG 


(v)  >  1  =•  d. 


n+t  ,m 


RG 


(v)) 


n+t  ,m 


0(logn/n1  ^2) 


and  hence 

Pr(MGn+t,m  ^and  RGn+t,m€"ft)  *  0(loqn/n  /2) 
and  so  (2. 30.  (2.35)  and  (2.40)  give 


U»  Pr(ROnttjmcTfl!  IV,  (80n,tim)  I  -  n) 


1  -e 


-.-4o/8 


n-*»« 


Thus,  where 


Pr(EGn.«,»  >R!lE<EGn.t,a  51  ■  “'•lVt(EGn.t,m)l  *  n) 


we  have 


(2.U)  11*  T  «  .PrdKM^  )|  - 

n+«  m 


m''  |vi  (EGn*t,m^ 1  ‘  n)  ’ 


Now  in  view  of  (2.34)  we  can  write 


Me  can  deduce  our  lemma  from  (2. 33)t  (2.35).  (2.44),  (2.4S)  and 
(2.46)  I  o  ,  /  a,  .  -  II  *  0(n“1/2)  fbr  m  >  ra*  >  m-2(logn)2. 

To  prove  (2.46)  let 

SA(m* )  s  ^(m' )A*lft  where  0(m' )  is  as  defined  in  Lemma  2.6. 
For  G«SA(m')  let  a(G)  a  |{eeE(G);G-ee  SA(m»-1)}|  >  m’-l-ID^G)! 
and  for  G*  SA(m'-1 )  let 

b(G)  a  |{e4E(G):G+ee  SA(m')}|  >  (J)  -  m'  ♦  1  -  010,(0)1. 

Arguing  as  for  (2.22)  we  have 

ZHIa(G)  a  ZZZZb(G) 

Ge^  Gc<j(m»-1) 


and  so  arguing  as  for  (2.23)  we  obtain 

(2.47)  ((5)-m'+1-nfl1(m'-1))/m,<|  SA<«' ) l/t  SA(m'M  )  |<((!|)-o’+1  mrn’-li,  (m‘ )) 
where  ^(m* )  denotes  the  expected  number  of  vertices  of  degree  1  in  a 
random  graph  chosen  uniformly  from  SA(m' ). 

We  deduce  from  (2.27)  that  II,  (m')  <  2gn1/2  where  g  is  as  in  (2.28). 
Now  0n,a|  SA(*»  )l/l  §(m*  )l  and  so  (2.46)  now  follows  from  (2.22),  (2.23), 
(2.28)  and  (2.47). 

The  reader  familiar  with  Cl]  will  realize  that  we  had  to  work  with 
multigraphs  and  proceed  in  this  way  because  the  probability  that  a  graph 
in  <Kd)  has  no  loops  or  multiple  edges  is  too  small. 


Proof  of  Theorem  1 .1 


The  case  cn  s*>  c  follows  immediately  from  Lemma  2. 5t  Lemma  2.7  and 
(2.30). 

For  cn  ss>  en  —  logn  we  simply  repeat  the  arguments  almost 
unchanged.  For  cR  >  logn  we  have  no  conditioning  problems  as  6(Gn  m)>_1 
a.s.  in  this  case. 

For  cn  ==>  -cn  s  o(loglogn)  we  can  again  repeat  the  argument  for 
cr  aa>  c  without  much  change. 

If  cR  ==>  -•  rather  fast  then  we  are  unable  to  prove  Lemma  2.6.  Ihe 
reader  will  observe  that  we  only  just  managed  to  close  the  gap  in  (2.24). 


We  now  turn  to  the  proof  of  Theorem  1.2.  We  first  define  a  random 


edge  colored  graph  G(n,m,k)  as  follows: 

Start  with  Gn  aid  all  its  edges  painted  blue; 

while  6(G)  <  k  do 

begin 

choose  a  vertex  v  with  degree  <  k,  uniformly  at  random; 

Let  X  -  {ecV(2)  -  E(G) :  v€e); 
n 

choose  eeX  uniformly  at  random  and  paint  it  red; 

E(G):  s  E(G)\J{e} 
end 

The  following  Lemma  is  taken  from  Bollobbs  [31  and  is  given  here  for 
completeness. 

Lemma  3.1 

Let  1  be  a  monotone  graph  property  such  that  Gen  implies  6(G)  >  k. 
Let  ms^nlogn  ♦  j(k-1  )nloglogn  -  nw  where  wsw(n)  *•  and  w(n)  <  logloglogn. 

Then 

G(n,m,k)eH  a.s.  ♦  t(r,1I)  *  a.s. 

Proof 

•m 

Consider  an  Instance  of  G.  Colour  edges  ej,e2»..*en  blue*  For  i  >  m 
paint  e^  red  if  e^  is  incident  with  a  vertex  of  degree  <  k-1  in  G^.  Let 
m**T(r,iij{) .  The  blue-red  subgraph  of  G^,  is  distributed  exactly  as 
G(n,m»k)  and  so  Gnfcn  a.s.  as  n  is  monotone.  Furthermore  G  *  nk  as 


In  view  of  this  we  can  prove  Theorem  1.2  if  we  can  prove  that 


G(n,m,k)  eH^  a.s.  where  m  is  as  defined  in  Lemma  3. 1.  We  shall  use  this 
value  for  m  throughout  this  section. 

We  state  the  following  Lemma  which  can  easily  be  verified. 

Lemma  3.2 

Let  GsG^  and  let  34ALLs{v*Vn :dG(v)<logn/10}  and  LARGE  =  Vn-SMALL. 

r  The  following  properties  hold  a.s. 

t 

(3.  la)  6(G)  =  k-1 ; 

(3.1b)  KveVn:  dQ(v)  =  k-1 } j  <  logn; 

(3.10  ISMALLI  <  n1/2{ 

(3.  Id)  no  pair  of  small  vertices  are  adjacent  or  share  a  common 
neighbor ; 

j  (3.1e)  <7  4  S  c LARGE,  IS  |  <  n/logn  implies  IHQ(S  )|  >  IS  I  logn/100; 

(3.  If)  d_( v)  <  51ogn  for  veV  . 

w  n  q 

From  this  we  easily  derive 
I  Lemma  3 .3 

Let  G  s  G(n,o,k)  and  let  SMALL,  LARGE  be  as  in  Lemma  3.2.  Ihe  G  has 
the  following  properties  a.s. 

(3.2)  If  (v,w)  is  a  red  edge  then  dQ(v)  =  k  and  weLARGE,  assuming 
dQ(v)  <  dG(w); 

Let  X  be  a  matching  of  G  that  is  only  incident  with  large  vertices  and  let 
H  s  G-X. 

Then  there  exist  real  constants  a^,  8^  >  0  such 

(3. 3a)  Qr*SSVn,  IS |  <  c^n  implies  |NH(S){  >k|S|; 

(3.3b)  IS  |  >  a^n  implies  1  {v,w}cE(G):vcS,w4S}  I  >  s^nlogn. 


..VvVvV- 


•jjj 


(3.2)  follows  from  (3.1b)  and  (3.1c).  (3*3a)  is  proved  in  a  similar  way 


to  Laama  2.2,  and  we  can  take  8^  s  ak  (1-ok)/2  in  (3.2b). 


For  non-negative  integer  h,  if  graph  G  contains  h  disjoint 


haniltonian  cycles  H  let  G-U H.  be  called  an  h-subgraph  of  G. 

1  2  *h  is1  i 

Let  *(G)  s  (h,p)  where 

h  s  maximuo  nunber  of  disjoint  hamiltonian  cycles  in  G; 


P  = 


0 


maximum  cardinality  of  a  matching 
in  any  h-subgraph  of  G 


maximun  length  of  a  path 
in  any  h-subgraph  of  G 


if  k  :  2l 


if  k  s  2h+1 


if  k  >  2h+2 


Thus  Gen^  if  and  only  if  t(G)  =  ®(k,n)  s  (Lk/2J,  U/2J  (k-2Uc/2j)). 

If  ♦  (&)  s  (h,p)  we  define  a  j,- subgraph  of  G  to  be  any  h-subgrpah  of  G 
containing  either  a  matching  of  size  p  or  a  path  of  length  p  as  the  case 
may  be. 

Lemma  3.4 

Suppose  G  i  G(na.k)  satisfies  the  conditions  (a)  and  (b)  of  Lemma  3.2  and 
let  X  be  as  in  (b)  there.  Let  s  s  Ja^nl ,  then  for  n  large 

tm 

(3.4)  there  exists  a  ♦-subgraph  H  of  HsG-X,  As{a-,»  aj*  • . .  ,at } , 

Svn,  t  >  s,  such  that  for  is1,2,...,t,  lA^I  >  t, 
a,  b  A;  and  if  a  c  A,  then  e  s  {a, a.)  b  E(H)  and  ♦(H+e)  4  ♦(H). 


Let  H  be  any  ♦-subgraph  of  H. 


Suppose  first  that  k  ■  2h+1  and  p  <  tn/2j.  Let  A  «  ja:  a  is  left 
exposed  by  some  maximum  cardinality  matching  of  H}  *  |a1 ,a2, . . . ,at} .  Let 
*  {a:  a  and  a^  are  left  exposed  by  some  maximum  cardinality  matching  of 
H}  A.  Then  we  deduce  as  in  Lemma  2.3  that  iNj^A^)!  <  |A^|  and  hence  that 
iNjjCAi)  l  <  lc | A^ (  and  hence  that  |A^|  >  a. 

If  k  >  2h+1  let  P  be  a  path  of  length  p  in  H  and  let  a1  be 
one  endpoint  of  P.  Pdsa  [  ]  shows  that  there  exists  a  set  A^  3uch  that 
|NJI(A1 )  |  <  2|Aj  |  and  each  beA^  is  an  endpoint  of  a  path  of  length  p 

joining  a1  and  d.  We  see  by  reasoning  as  above  that  I  A.,  I  >  s.  We  must 

show  a^N«,(A. ).  Now  (3-3)  can  be  used  to  show  that  H  is  connected  for  n 
large  and  so  if  a1  eNJ(A1 )  P  is  not  a  longest  path  of  H  or  H  contains  h+1 

disjoint  hamiltonian  cycles.  We  take  A  *  fa^ }  U A^  and  repeat  the  argument 

for  aeA^  with  any  path  of  length  p  with  a  as  endpoint. 

* 

We  now  use  the  coloring  argument  (as  in  Lemma  2.4)  to  prove 
Lemma  3«5 

mm 

lim  PrCGCn.m.kJcn^)  »  1 
n-** 

Proof 

Let  9  ^  *  {G»G(n,m,k):  (3.2)  holds  and  G  has  exactly  t  red  edges}.  Note 
that  each  G«  has  the  same  probability  of  being  chosen.  Next  let  * 

(G«Sts(3.2b)  holds  and  4(G)  t  e(k,n)}. 

In  view  of  (3*1b)  and  Lemma  3.2,  this  lemma  will  follow  if  we  prove 

(3.5) 

in  l§tl/lStl  ■  0 


0  <  t  <  ! logn | . 


Let  w  ■  flognl  and  for  Gc  Jt  let  E  (G),  Er(G)  denote  the  blue  and  red 
edges  respectively.  Consider  now  all  the  (®)  ways  of  choosing  w  blue 
edges  and  recoloring  them  green. 

For  G*  and  X£E°(G),  |x|  “  w,  define 
a(G,X)  -  1  if  (a)  ♦(H)  -  *(G)  where  H  -  G-X; 

(b)  H  satisfies  (3*3); 

(c)  where  Hb*(Vn,Eb(G)-X) ,  $(H°)  *  k-1  and  H°  has  exactly 
t  vertices  of  degree  k-1 

*  0  otherwise 

Let  a  be  the  set  of  blue-red  edge-colored  graphs  obtainable  by 
deleting  w  blue  edges  from  a  graph  G  in  S 

For  Hefl  let  XH«{s  CV^-E(H):  there  exists  G»G(H,S)eSt  with  Eb(G)  - 
E°(H)  S  and  Er(c)  -  Er(s)}  and  let  ^-j  {SeXjjraCGCH.S)  ,S)-1 1 1 . 


We  prove  (3.5)  by  showing 


(3.6a)  Ge  9  t  implies 


XCE  (G) 

lx!  -  w 


i(GfX)  >  (1-0(1))  (")  (1  - 


(3.6b)  ah  <  (1  -  «»> (i  ♦  o(D). 


for  then 


XSr  E°(G) 


.(o,H  >  (t-o(D)  (J)  (i  -  ^j)*lStl 


S<r*H<0  -  o£)w2T  0-(D) 

HcO  Hefl 


-  0  -  «jj)  o  iSti  (t  -  «(<)) 


and  (3*5)  follows. 

Proof  of  (3.6a) 

A 

Given  G«  (j  t  with  ♦CG )  -  (h,p)  choose  h  disjoint  hamiltonian  cycles 
Hj  ,H2,...  .H^  plus  a  path  or  matching  A  of  size  p  as  necessary.  Now  there 

are  at  least  ( 1 -o(l ) )  (“)  (l-(k+3)/logn)W  ways  of  choosing  a  matching  X 

w  h 

that  Only  meets  small  vertices  of  G  and  does  not  meet  H . .  For  each 

i-1 

such  X,  a(G,X)  •  1 ,  on  using  Lemma  3«3« 

Proof  of  (3»6b) 

Let  HcQ.  If  H  does  not  satisfy  (3.4)  or  Hb  does  not  have  t  vertices  of 

degree  k-1  theb  ^  «  0.  So  assume  these  conditions  hold.  It  follows  that 

(2) 

SeXH  if  and  only  if  S  CVvn'  -  E(H)  and  S  does  not  meet  any  vertices  of 
degree  k-1  in  Hb.  (We  included  the  last  condition  in  (3«4)  in  order  to 
give  such  a  simple  description  of  XH).  Let  H  be  the  ♦-subgraph  guaranteed 
by  (3.3). 

According  to  (3>3)  we  can  only  have  a(G(H,X),X)  *1  if  no  edge  of  S 

2  2 

Joins  a^cA  to  A ^  But  there  are  at  least  (a£n  -kn)/2  possibilities  for 
choosing  such  an  edge  (we  subtract  kn/2  to  account  for  those  that  may 
occur  in  E(H)-E(H)).  (3.6'd)  follows  along  with  the  lemma. 
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Proof  of  Theorem  1.2 

Juat  uaa  Lemma  3*1  and  Lemma  3.4 


i 
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